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FOREWORD

This report describes the results of an experimentel program
oriented toward a better understanding of 1ifetime predictions for
optical glass fibers. Some of the progress made toward this goa)
is summarized in the attached technical paper comprising this
report.
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STATISTICAL REPRODUCIBILITY OF THE DYRNAMIC

ARG STATIC FATIGUE EXPERIMERTS

o.E. Ritter, Jr., WN. Bandyopadhyay and h. Jakus
techanical Engineering Department

University of Massachusetts
Amherst, MA 01003

ABSTRACT

The number of test samples used to characterize the fatigue constcntc
needed for failure predictions for ceramic materials determines the con-
fidence in these predictions. The statistical reproducibility of tine
dynamic and static fatigue experiments used to measure the fatigue
constants was analyzed using both statistical theory and a Monte Cario
computer simulation technique. It was found that the statistical reproduci-
bility depended not only on the number of test samples but also on the other
experinerital test variables. It was shown that the uncertainty in the statistical
reproducibility can be large especially for sample size less than about
100. Guidelines for selecting the optimum sample size for a given dynamic
or static fatigue experiment are given. It is recommended that before
meaningful conclusions can be drawn regarding the effect of & test
variable on fatigue, the statistical reproducibility of the experiment

be determined.
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1.0 INT”ODUCTION

Methods ¢f dealing with design problems invilving feticue of ceramic
materic.s nzve been developed over the pest 10 years througr wne zpplicetior
ot fracture mecnanics principles.  Since these prinZiplec cet be used e

characterize both he conditions for subcritical crack growth anc the

conditions for crack instability, they can be used for purpcses of desigr

ct

c estimate the allowable stress,or the expected lifetime, or tne proc?
stress necessary L0 assure a minimum lifetime. Tnis is aclom.iicnec by
estimating the 1njt1a1 crack size in a ceramic component ehd i1nhe time
required for this initial crack to grow to & critical size for spontensous
fracture. For example, it has been derived by assuming a cimpie power law

relationship between subcritical crack velocity and siress intencity thet

the failure time (tf) under a constant applied stress (ca) is:1’£
1=~ -
"t', =z ‘\'f Cc.. m
M
where B = 2/(AY2 (N-2) KICN"), A, N = material/environment constants, Y = '

geometric constant (about 1.2 for surface flaws), Kjc = critical stress

intensity facto-, and Si = fracture strength in an inert environment. B and

N in Eq. (1) are fatigue constants tha* for a aiven material/environment system
characterize subcritical crack growtrn. 7The inert strength in £q. (1) character-
izes the initial flaw size. If proof testinag is used to truncate the flaw
distribution, then the minimur inert strength after proof testing is equal

to the maximum proof stress (- ), hence, tne correspondinoly minimum failure time

i

1,2 E
(tmin) is:
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From ty. .1 and {2} 1t 18 seen that fairlure precillion. are Gelencer !

on the tatigue parameters Noand B, Those purameters are conslanls for

«:

given meteric!/environment system and can be experimentdily deteriined

‘ . A . 3 .
directly using fracture mechanics technigues,” or can be ndirectly nmeesured

-

. . : . Z . A
using static fatigue or dynamic faticue experiments. rnfortunate v, faliure

predictions ére extremely sensitive to the experimentel uncertsint. 1 lnie

.

e e = e

£ e

fatigue parameters. Statistical techniques for estimatinc trs uncertalrnt:

in failure predictions have been developed, > however, the statistice!
reproducibility of the experimental techniques used to eveluzte the fatioue E
parameters !l and b5 has not been previously determined. Statistical repro-

ducibility i1s due to random sampling errors that are inherent 1n every ex-

periment. In the random selection of a finite number of samples for testina.

one would expect to see some statistical variability in the measurec properties

that would be dependent on the number of samples selected. It further would

be expected that this variability in the estimation of the fatiaue varamelers
would increase as sample size decreases; however, this statistical reproducibility
has never been quantified although some Monte Carlo results on the re-

producibility of N as determined by dynamic fatigue tests have been previously

i
reported bv the present authors.6 Before meaningful conclusions can be drawr i

from the results of fatigue experiments, the statistical reproducibility of
these experiments must be known.
The purpose of this paper is to quantify the statistical reproducibility

of the dynamic and static fatigue experiments for measuring tne fetigue

conctants b oand 5. Statistical reproducibility is analyzed usinn both <

™
n




statistical theory and & Monte Carlo computer simulatior technique. Since

the statistical theory contains & number of critical assumptions, it is

important tc inaependently velidate the statisticel theory approach with
+ne Morte Carlo techricue. Emphasis is pileced on the dynamic ang static
fatigue technigues because they are increasingly being used to measure

the fatigue behavior of ceramics. This is because these test technigues
can utilize samples containing flaws representative of those on actual
components. It is believed that the results of this study will lead tc &
better understanding of the static and dynamic fatigue test technigues and
their statistical variability. From this information guidelines for sample
size reauirements in terms of optimum statistical reproducibility can be

developed.
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2.0 ANALYSIS OF STATISTICAL REPRODUCIBILITY

2.1 Dynamic Fatigue

Dvnamic fatigue data is generaztec by measurinc the fracture stirength o7
a number of samples at several constant stressing rates. The fetigue constents
N ancd E can be determined from dvnamic fatigue datz throuzrn using one of four
analyses: mecdian, homologous stress, iterative bivariant, or iterative tri-
variant.2’7 Since all of these techniques analyze the same set of dynamic
fatigue deta in determining N and B through & linear recression anzlysis, all
are expected to result in essentially the same statistical reproducibility

for N and B. Thus, the median analvsis technique was chosen for this study

because of its simplicity and wide usage,

.y . . . . ) 2,7
With the median analysis the dvnamic fatigue data are fitted to:™’
~~ .
t' \" = C'\ /’1 -, N -~ C,{ -
A = q, \ - (3)
where S = median fatigue fracture strength, ¢ = stressing rate, and 8y. 8, 7
a

"

. . . . 2.7
1inear regression constants. The fatigue constants are then determined from:™’
g

A o= P

P\ ax (43)
a ~ , . n , . ~
VDY 2 S U N #2 70 B SR

' );‘éi (4b)
where éi = median inert strength.

Dynamic fatigue strength data of an "ideal" material was simulated
on a computer using a Monte Carlo technique.8’9 It was assumed that the
fatigue constants N and B of this ideal material are given and that the

~

inert strength distribution is given by a two parameter Weibull distribution]“

T“'—_—'.r—' .




whose slope and scale parameters, m;and Soi respectively, are known. Lith

the Monte Carlo technigue & given number cf samples at a specific stress-
ing rate were chosen by randomlyv selecting their fgiiure prebaii™ oy
from a uniforn cdistribution between C and 1. The correspondine fatigue

fracture strengtihs were then calculated according to the frociure mecharics

relationship:z
[} . -
IR ,rfﬂ&('qu/)a/N-l)(J_l- . T + da Sm) « I _}
r\é - ™
Ny .
A separate set of inert strength samples were chosen similarly tc the Tatigue

samples, namzly failure probabilities were ranaomly chosen and the corresponcing

: . e e . . 10
inert strength were calculated from the two parameter Weibull distribution:

(LS =+ (44, TJTF>* ST
~ 2 m;

(6]

Once a set of inert strength and fatigue strengths at several different

stressing rates were randomly chosen, N and B were determinec from this date

using Egs. (3) and (4). It should be noted that the median strenath for a

given set of strength values was determined by ranking and fitting the strengths

to a Weibull distribution by Tinear least square method. The mediar strencth

was then calculated as the value at F= 0.50. Alternatively, the median

strength could have been determined by chcosing the actual median strength

I
value; however, this results in greater variability and thus wes not usec. By ‘

iterating this procedure 100 times, distributions for N and B were generatec

which represent the statistical reproducibility of N and B as determined

from the dynamic fatigue test. With the 100 values generated by the Monte
Carlo technique, the average values with their corresponding variances and the

. . N
covariance between N and B were calculated from the usual statistical formulas:

e %




L 4%
- , ‘
IV " .Z' ,%J (7a)
‘:
"
T . . S 4B
)V\D I ) d' 4
40 (75}
i$ s
' < / _ -\
Viny: o2 0 Y
- Jg! (7¢)
7 — ):__
&) . = 0 (43 -/B
V(4. §) me < J (7d)
J-f
/ SR S VYR VEN A AN -
ad( J)!ﬂ.BS . JI" J - (7e)

where n = 100 for these computer calculations. For a given material/environment system,
i.e. for a given set of m, SO, N, and B, the important test variables studied were

the number of samples per stressing rate, the stressing rate range, and the

number of stressing rates that were used in a given test. For the case of
multi-stressing rates, the stressing rates were evenly spaced from maximum

to minimum. Figure 1 gives a schematic flow diagram of the Monte Carlo

computer simulation technique for determining the fatigue constants N and b

by the dynamic fatigue test. Note that the same number of inert samples were

chosen as the number of samples per stressing rate.

°,
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The variances and covariance of the ineri sivenctr neram

aerived as a function of sample size fror ctaticticel tneoprv o

certain assumptions (see hpoendix, EZqs. (L1€), (LZE), anc (LZ7) The resulis
of this anglysis are zt “ollows:
N ~ -~ "fa 3
vV ;o= . -
- e ,’”:" . '
, - ! \ - / ' - - - [
/ Jﬂ, ~ \ ~ ! WI ! te / m': ) T, A T 5
Qe 7 - — — - ’ » !(h
- i _ s LT ”o ol
. T e ) £l
oy e L oA S LA ,
e ) T = "y =
wnere J = number of samples ancd | = caume “unction. Likewice, zhe veriances in
the fatigue constants N and E and their covariance were derivec as shown in =ne |
Appendix, £qs. (A&1), (R842), and (A43), to be: ¥
. : 3
;L N, Lldm s T .
\/ ‘\/J' - al ‘\‘.p‘a/
_7; -vr“ AT
t
. ' Ve r .
. . K, v e; R .o ST oes -
»// S < (:’:,)‘rflq- -;,“.:,k’/J-JI)_/',Q-J A T .
- -— S L E ' o ) A
—omE R
‘
Z Cro K. fru-2)% . A —
N N LA AT EE . . -5 (ac"
LoV e . ‘ L. b(/J+13-31r :: -7 *"{”-CJ L oC

where Jo = total number of samples used in dynamic fatigue experiment. J, =

~no

— 2 — e .
. ' . . ] . , . \ ; N
number of stressing rates, K(J. & .= = z (4, T - &G, Lo Ly Joc
= e J J ZoT .
: P - fima - > - N . <
3 i 1o, a2 - e T . C , foe i - i
v "’u,,—f\ b n’.,\/v'-:)i CLt T - R (le by =0 L
‘ SRR / - +(" dnow " /—- - L r ¢ /-.‘ ‘
e ‘ N';— r:--} 1
' - ", //_‘;4;‘} -
1
. .. . . RERRY . o e :
For typice ceramic matemalsl '\"'7" —_— 2L e =
,//-_)
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Since these derivations made & number c¢f criticel assumptions, it ic ¢
importance to compare these variances wiin those generatec bv tne Monte Laric

tecnnique tc aetermine tne velidity o7 <he assumptions.

atigue
Static fatigue tests entail ihe repeztec measurement ¢f Tgilure Time gl
several constant appiiec stresses. Static fatigue cdeta can te aneivzed

similar to dvnamic fatigue daté by the median, homoloaous stress, iterative

.

bivariant, and iterative <irivariant anaiyses. ks in the case of dyvnamic

faticue the median analivsis was cnosen for studying the stalistizel repro-
-~ 7
I /

. . _ . o . [
ducibility. With the mediar anelvsis the data is fitted to:

where tf = median failure time anc a3y 8, 7 linear regression constants.
~

The fatigue constants N and B are determined from: <

o~ r
(N - %
-
A
- / . - N ! -~
Foioz Gy = frenide D (11b)

The Monte Carlo analysis of the statistical reproducibility of K and B
as determined from static fatigue data is similar to that used for dynamic
fatigue data. First, a given number of failure times at a specific applied
stress are selected by randomly chocsing the failure probability and then

calculating the corresponding failure time from:2

. i (,,J_;', f'.l‘ . N rlhi— o fe2 ',», 4.
O S St R R (12

4




Once a set of failure times at severe!l different apoliec stresses anc & se

,{ of 1nert strenctihs are rancomly chosen, I and E are determinea froim £cs. (100
Y ) . - . . . , , . . . . -
: anc (11:. By iterating this procecure 100 times, & distribution of i &nd L

values are generatec from which the statisticel reorodulibiiityv of these
parareters can be aetermined. Similar to the case of dvnamic ‘aticue, the
variables studied for a given material/environment syster were the number c?
samplies per auplied stress, the aprlied stress range, anc the nuroer c*
appiied stresses in & civen test.

The variances in the fatigue constants K and E end their covarience coulc

also be derived from statistical theory as shown in the Apoencix, Zas. (A5Z)

k]

(A52}, and (A54) to be:

K, a2

\/io= s {132
h T -~ .
— O (ORI
o ; ' L )
, ,
APt NN - (W-2) T
[l \‘.- / ~~ fad - -~ L r ~ - [
R G - 7 I
c N i .
|
: P VaS
. I -~ — -
ot I -~ Ny - . ;
\-'O\J"J/"‘ ;- < ) Lo~ L - JO/\ o (13(:)
‘ e -~ [ - 4
Zow T R
1 1 &
where now: Jo = number of samples used in static fatioue experiment, JZ = number
of applied stresses. J] = number of samples tested at each applied stress,
ey — —- S
PR | s~ N 3 S56 = T -
_ ' - = Cr Nt e ) vy N — e . )
. “ C{X—z V‘,. 2—- ('Cn ...-\’ [~ ) v [ :. _t v \'Q«J /

.
.
"




- C = - - l+ o .
"4 - M .. v o s, -
\L - ! - v Ae . - W - R
1 - s __\ ~ {
' l\ 'I‘/‘.
~ ~ = ’
m, > 2, K, = 1.8&

Again it was of interest Ty compare these variances 1o these determinec

Monte Carlo technigue to determine the validity of the assumptions made

ing the above equations.

by tne
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3.C RESULTS AND DISCUSSION
Both the Weibull parameters (m anc SO) anc¢ the feitioue constarts [\ anc

depenc stroncly on sample size. Figures 2 anc I show the dependency for rm anc

i

S , respectively or semple size where the coefficient cf variaticn s definec

m

¢ the standard deviatiorn divided by the mean vaiue of ine parametler 1in
question. From these figures it can be seen that there i1s good agreement
between the Monte Carlo technigue for estimating the statisticel reprodu-
cibility and that derivec from statistical theoryv. The figures further
show that the statistical variability in the Weibull slope parameter m is
a function of only sample size while, Tor the keibull scale parameter So‘
the variability is a function of both sample size and the Weibull slope.
Since for small sample sizes the statistical uncertainty in the Weibull
parameters can be large, especially for m, important judoements and
significant analyses of strength should not be based on smell sample sizes.
From Fig. 2 ana 3 it can be seen that sample sizes of at least 30 should be
used for all but the most preliminary investigations, although for small m's
tc get acceptable levels of So may require as many as 100 samples. Similar
results and conclusions were reached in earlier Monte Carlo simulation
studies.]z’ 13
Figures 4 and 5 show that the statistical reproducibility cf the fatioue
parameter N and B as determined by the dynamic fatique experiment is stronaly
dependent on both sample size and the fatigue resistance c¢f the materiga’
{large N values generally represent materials with a areater fatioue
resistance). For sample sizes of less than 100, the statistical uncertainty
in N and B can be very large, especially for the more fatigue resistani

material. Again there is good agreement betweer the Monte Carlo technicue for

estimating the statistical reproducibility and that derived fror statistica)

[

-~

\
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theorv; thus, civing evidence of tne validity of the assumplions made in
deriving the equations for statisticel variability (see Appendix;.

Tne statistical variability of the fetigue parameters I and E ac determinec
by the dvnamic fetigue experiment was &3s0 dependent on the number ¢ siressinc
rates chosen, stressinc rate range, and tne Weibull siope m. For examcle.

Fig. £ shows that for the same range of stressing rates (maximum to minimum’
and the same total number of samples, uncertainty in statisticel reproducibilitly
increased as the number of stressing rates used in determininc h is increased
from 2 to 7. The best statistical reproducibility occurs for the case where

N is determined from strength measurements at two stressing rates corresponding
to the maximum and minimum. Figure 7 shows the statistical variabiiity of .

as a function of m, keeping the other parameters constant, and illustrates

that low m values, corresponding to a greater variability in strencth, re-

sult in & larger uncertainty in N. Figure & shows that the statistical
variability of K is quite sensitive to the stressing rate range, with the
variability iucreasing with a decreasing range of stressing rates. Finally,

it should be noted that the Monte Carlo results were left out of Figs. €, 7,
and 8 for clarity; however, these results agreed quite well with those shown in
the figures based on statistical theory.

The distributions of the fatigue parameters N and B as aenerated by the
Monte Carlo computer simulation technique for the dynamic fatigue experiment
could be approximated by a normal distribution. Fiaure ¢ shows that a normal
distribution well represents the histogram for the fatigue parameter .
Histograms for the Weibull parameters m and SO could also be approximated by

normal distributions. This is important because the corfidence limits of

reproducibility for a given parameter can be estimated by simply multinlving

NS SO IeN

|
|
|
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Finally, it should be noted that there was a small bias present in the
Monte Carlo generated values for m, So, N, and B, especiaily for small
sample sizes. It is well known1]that when random variables are combined in a
non-linear fashion, the resulting guantity is generally subject to biases, i.e.
the combined effect of the random fluctuations of the individual variables
will cause the derived quantity to be systematically larger or smaller than
it would have been in the total absence of such fluctuations. Biases inm

and SO nave been previously discussed.]z’m’15

These systematic biases in the
derived parameters were quite small in comparison with the statistical
reproducibility of the parameters; hence, they were neglected in the

statistical reproducibility 2 a given parameter.
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17.

in the dynamic fatigue test. An uncertainty of + 10% requires about 140
samples to be used in the dynamic fatigue test for the stressing rate range of
0.013 to 50 MPa/s. However, it can be seen from the Fig. 12 that if the stress-
ing rate range is increased to 0.00G5 to 50 MPa/s, then the number of sampies
required would decrease to about 75 Cn the other hand, if the stressing
rate range is decreased to 0.05 to 5.9 HPa/s, the number ot samples required
increases to about 300. This figure clearly shows that sample size require-
ments are not necessarily small and depend on the specific degree of reproduci-
bility that is acceptable.
The analysis of statistical reproducibility can also be useful in de-
termining whether a given variable effects the fatigue benavior of a
material. For example, the fatigue behavior of soda-1ime glass has been
measured as a function of test environment (6N NaOH, distilled water, and
6N HC1) using the dynamic fatigue test with stressing rate range of <6 to
0.17 MPa/s and a total of 120 samples for each dynamic fatigue test.16
The effect of test environment can be seen by calculating the ailowable siress
for samples that have been proof tested up to 100 MPa and that must survive
a minimum of one year in service. The result of these calculations are given
in Table I with the indicated + one standard deviation limits due to the
statistical uncertainty in the fatigue constants N and B. It is seen that
the three predicted allowable stresses are well outside of a standard deviation
from each other and, thus, it is likely that the test environments do have a
significant effect on the fatigue behavior of soda-lime glass. while this
conclusion seems quite straightforward, it must be rememberec that before any
meaningful conclusions can be drawn regarding the effect of a particular

variable on the fatigue behavior of a material, it must be demonstrated that

the effect is larger than the statistical reproducibility of the experiment.
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Table 1. Predicted Allowable Applied Stress for a Minimum Lifetime of
One-Year for Soda Lime Glass Samples Proof Tested at 1C0 MP3
Environment N n 3 (MPaZ-s ) “a (MPa)
&N NaOH 13.5 (+ 2.31)" 7.168 (+ 1.64) 25.95 (+ 3.36)
Distilled HZO 13.0 (+ 1.17) 2.585 {+ 0.87) 15.92 (+# 1.38}
&N HC1 25.1 (+ 4.35) -16.058 (+ 4.67) 18.36 (+ 2.15)

+ Number in parenthesis is + one standard deviation corresponding to statistical
reproducibility of dynamic fatigue experiment.
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In Eqs. (A52)-(A54) it is assumed that the covariances between a3, 2, and

In § are zero and that the number of inert strength samples is the same as the

number of samples tested in fatigue at each applied stress.




